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» ...that gives rise to a system of differential equations
under mass action kinetics:
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What is a reaction network?

» A network of interconnected reactions:
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O3 #k
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0+0,

0+0, —2— 20,

» ...that gives rise to a system of differential equations
under mass action kinetics:

4[0] = ki[05] — k2[O][0,] — 3[O][0;]
4[0,] = k1[03] — k2[O][O,] + 2k3[O][O5]
£105] = — k1[03] + k2[0][0,] — k[O][0]

Oskar Henriksson Grdbner bases and reaction networks September 6, 2020 3/27



What is a reaction network?

» A network of interconnected reactions:

k1
O3 4‘/(

2

0+0,

0+0, —2— 20,

» ...that gives rise to a system of differential equations
under mass action kinetics:

4[0] = ki[03] — k2[O][0,] — 3[O][0;]
4[0,] = k1[05] — k2[O][O,] + 2k3[O][O5]
£105] = — ki[O3] + k2[0][0,] — k[O][0]

Oskar Henriksson Grdbner bases and reaction networks September 6, 2020 3/27



What is a reaction network?

» A network of interconnected reactions:

k1
O3 #k

2

0+0,

0+0, —2— 20,

» ...that gives rise to a system of differential equations
under mass action kinetics:

4[0] = ki[05] — k2[O][0,] — 3[O][0;]
4[0,] = k1[05] — k2[O][O,] + 2k3[O][O5]
£[03] = — k1[O3] + k2[O][0,] — k3[O][O5]

Oskar Henriksson Grdbner bases and reaction networks September 6, 2020 3/27
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Not just chemistry!

‘ Description Reaction Parameter value ‘
Generation of new CD4+T cells 0T 10
Generation of new macrophages 02 M 1.5 x 1071
Proliferation of T cells by presence of pathogen T+ V LiN (T+V)y+T 2 x 1073
Infection of T cells by HIV TV 3% 10-3
Proliferation of M by presence of pathogen M4V (M+V)+M 7.45 x 1074 g
Infection of M by HIV M+V E) M; 5.22 x 1074 %
Proliferation of HIV within CD4+T cell T; k—5> V+T; 5.37 x 1071 E"
Proliferation of HIV within macrophage M; LN e + M; 2.85 x 1071 E
Natural death of CD4+T cells T i} 0 0.01 z
Natural death of infected T cells T; 2,4 0.44 f
Natural death of macrophages VR 0 6.6 x 1073 z‘
Natural death of infected macrophages M; LN 0 6.6 x 1073 §.
Natural death of HIV V20 3 é
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Not just chemistry!

‘ Description Reaction Parameter value ‘
Generation of new CD4+T cells [ T 10
Generation of new macrophages @ 2 1.5 x 1071
Proliferation of T cells by presence of pathogen — T'+ [N (T +V)+T 2 x 1073
Infection of T cells by HIV T+v k2 T; 3 x 1073
Proliferation of M by presence of pathogen M4V (M+V)+M 7.45 x 1074
Infection of M by HIV M + V LN M; 5.22 x 1074
Proliferation of HIV within CD4+T cell T, = V+T; 5.37 x 1071
Proliferation of HIV within macrophage M; = \/ M; 2.85 x 107!
Natural death of CD4+T cells 50 0.01
Natural death of infected T cells =0 0.44
Natural death of macrophages J[ %0 6.6 x 1073
Natural death of infected macrophages M; LN 0 6.6 x 1073
Natural death of HIV =y 3
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An example from the news!

A+B-*.028B

B-2XsC

[A" = —BI[A][B]
[B]' = BIAI[B] — ~[B]
[C]" = ~[B]
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An example from the news!

S+1-01

I 3R

[S)' = ~Is]l1]
(1] = BISIIT] - 1]
RI' =A{1]
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The dynamics of reaction networks

What happens when t — 0o?
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The Selkov model for glycolysis
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The Selkov model for glycolysis
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A network with multistability
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X+YL>Y%‘2Y
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A network with multistability
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A network with multistability

x+vi>x%>2x
X+YL>Y%‘2Y

Show additional trajectory

28
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[X]" = a[X] - [X]* = 2[X][V]
[Y]' = b[Y] = [Y]* = [X][Y]
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A network with multistability

x+vi>x%>2x
X+YL>Y%‘2Y

Show additional trajectory

Show steady-states
a=244 b=165
o e
2 - -
SS2
15
L 1
). SS4
o e
05
SS1 SS3
o 05 1 15 2 25 3 35

Oskar Henriksson

0 = a[X] — [X]* — 2[X][Y]
0= b[Y] - [Y]* - [X][V]
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The long-term goal

Mathematical profile:
» Steady states
> Stability

» Oscilations

> Interesting regions of
parameter space
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The long-term goal

Mathematical profile:
» Steady states
» Stability
» Oscilations

> Interesting regions of
parameter space

Possible applications:

» Planning in synthetic biology

[m] = =

Oskar Henriksson Gbner bases and reaction networks




The long-term goal

Mathematical profile:
» Steady states
» Stability

» Oscilations

> Interesting regions of
parameter space

Possible applications:
» Planning in synthetic biology

» Hypothesis testing in systems biology
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The problem?

Unknown rate constants!

Forces us to work algebraically och symbolically.
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Grobner bases:

A method for rewriting a system
of polynomial equations in a smart way

Oskar Henriksson Grdbner bases and reaction networks September 6, 2020 11 / 27



Gaussian elimination:

A method for rewriting a system
of linear equations in a smart way
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Example

x>y
2x 4+ 6y = —6

5x+2y =11
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Example

x>y
2x 4+ 6y = —6
5x+2y =11
5-(2x+6yy) =5-(—6)
2-(bx+2y)=2-11
o = = =, Z[= DA
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Example

x>y
2x 4+ 6y = —6
5x+2y =11
10x 4+ 30y = —30
10x 4+ 4y = 22
o = = =, Z/= wac
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Example

x>y
2x 4+ 6y = —6
5x+2y =11
10x 4+ 30y = —30
—26y =52
o = = =, Z/= wac
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Example

x>y
2x 4+ 6y = —6
5x+2y =11
10x 4+ 30y = —30
y=-2
o = = =, Z/= wac
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Example

x>y

2x +6y = —6

5x+2y =11

10x — 60 = —30
y=-2
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Example

x>y
2x 4+ 6y = —6
5x+2y =11
10x = 30
y=-2
=] F = = == DAe
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Example

x>y
2x 4+ 6y = —6

5x+2y =11

x=3
y=-2

o = = E = DA
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Example

X>y

2x 4+ 6y = —6
5x+2y =11
x =3
y=-2

Put differently: We knocked out the rows against each other!

S=5.(2x+6y +6) —2- (5x + 2y — 11) = 26y + 52
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A polynomial example

x>y (lex)
x2+2xy? =0
xy+2y3-1=0
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A polynomial example

x>y (lex)

x2+2xy? =0
xy+2y3-1=0

S(f, h) = y(x2 + 2xy2) — x(xy + 2y3 —-1)=x

[m] = = =
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A polynomial example

x>y (lex)
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[m] = = =

Oskar Henriksson Grobner bases and reaction networks



A polynomial example
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A polynomial example

x>y (lex)
x4+ 2xy? =0
xy+2y3-1=0
x=0

S(f, h) = y(x2 + 2xy2) — x(xy + 2y3 —-1)=x

S(fh, ) =(xy+2y° —1) —yx=2y>—1
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x=0
2y3 —1=0
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A polynomial example

x>y (lex)
x2+2xy?> =0
xy+2y3—1=0
x=0
2y3 —1=0

S(h,h) = y(x2 + 2xy2) — x(xy + 2y3 —1)=x

S(h,B)=(xy+2y° —1) —yx=2y> -1

[m] = = =
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The Buchberger algorithm
Input: F = {f,

, fm} och an “order of prioritization” for the variables.
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The Buchberger algorithm
Input: F = {f,...,fm} och an “order of prioritization” for the variables.

Output: G ={g1,.... &}
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The Buchberger algorithm

Input: F = {f,...,fm} och an “order of prioritization” for the variables.
Output: G ={g1,.... &}
Let G = F.
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The Buchberger algorithm

Input: F = {f,...,fm} och an “order of prioritization” for the variables.
Output: G ={g1,.... &}
Let G = F.

Pick a pair p, g € G.
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The Buchberger algorithm

Input: F = {f,...,fm} och an “order of prioritization” for the variables.
Output: G ={g1,.... &}
Let G := F.

Pick a pair p, g € G.

Identify the leading terms and “knock them out” by setting
S = op + 7q for appropriate polynomials o and 7.
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The Buchberger algorithm

Input: F = {f,...,fm} och an “order of prioritization” for the variables.
Output: G ={g1,.... &}
Let G := F.

Pick a pair p, g € G.

Identify the leading terms and “knock them out” by setting
S = op + 7q for appropriate polynomials o and 7.

Reduce S with respect to the other elements in G. If there is a
remainder (i.e. S “contributes something new"), then add it to G.
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The Buchberger algorithm

Input: F = {f,...,fm} och an “order of prioritization” for the variables.
Output: G ={g1,.... &}
Let G := F.

Pick a pair p, g € G.

Identify the leading terms and “knock them out” by setting
S = op + 7q for appropriate polynomials o and 7.

Reduce S with respect to the other elements in G. If there is a
remainder (i.e. S “contributes something new"), then add it to G.

Go back to Step 2.
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The Buchberger algorithm
Input: F = {f,...,fm} och an “order of prioritization” for the variables.
Output: G ={g1,...,8&}-

Let G := F.

Pick a pair p, g € G.

Identify the leading terms and “knock them out” by setting
S = op + 7q for appropriate polynomials o and 7.

Reduce S with respect to the other elements in G. If there is a
remainder (i.e. S “contributes something new"), then add it to G.

Go back to Step 2.

@ Keep going until all possible pairs of polynomials in G
(including newcommers) have been investigated.
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The Buchberger algorithm

Input: F = {f,...,fm} och an “order of prioritization” for the variables.
Output: G ={g1,.... &}
Let G := F.

Pick a pair p, g € G.

Identify the leading terms and “knock them out” by setting
S = op + 7q for appropriate polynomials o and 7.

Reduce S with respect to the other elements in G. If there is a
remainder (i.e. S “contributes something new"), then add it to G.

Go back to Step 2.

@ Keep going until all possible pairs of polynomials in G
(including newcommers) have been investigated.

Clean up G.
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Example

x>y >z (lex)
Py 422 —4=0

x242y2-5=0

xz—1=0

o = = E = DA
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Example
x>y >z (lex)
X4y’ +22-4=0
x242y2-5=0

xz—1=0

x—3z4+223=0
y2—z22-1=0
2z =322 4+1=0

[m] = = =
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Example
x>y >z (lex)
Py 422 —4=0
x242y2-5=0

xz—1=0

x—3z4+223=0
y2—z22-1=0
2z =322 4+1=0

In total: 8 solutions!
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Example
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Example

o = = E El= DaAe
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Example

V] Snow actona viectory (o) Snow stoacy states
[ o= 185

ax — x> —2xy =0

by —y? —xy =0
by +xy +y*=0
—ax+2by +x*—2y>=0

y3 —ay2+(ab— b2)y:0

o = = E = DA
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Example

V] Snow actona viectory (o) Snow stoacy states
[ o= 185

ax — x> —2xy =0

by —y? —xy =0

by +xy +y*=0
—ax+2by +x*—2y>=0
y(b—y)(=b+a-y)=0

[m] = = =
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Example

(/) Show st vopctory (o7} srow tonty s

st
9le
ss3

ss1

ax — x> —2xy =0

by —y? —xy =0

by +xy +y*=0
—ax+2by +x*—2y>=0
y(b—y)(=b+a-y)=0

Solutions: (0,0), (0, b), (a,0),(—a+ 2b,a — b).
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A promising example from the literature:

o = = E = DA
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A promising example from the literature:

Biochemical hypothesis testing
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Phosphorylation /dephosphorylation

=] F = = = DA
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Phosphorylation /dephosphorylation

L

[m] = = =
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Phosphorylation /dephosphorylation

) =)

o = = = = VAR
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Phosphorylation /dephosphorylation

Y G D
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Phosphorylation /dephosphorylation

— )
7 Y LD (Y
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Phosphorylation /dephosphorylation

— )
7 Y LD (Y

K+ Sy == KSy == K+,
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Phosphorylation /dephosphorylation

— )
7 Y LD (Y

K+ Sy == KSy == K+,

F+S —=FS, "> F+5,
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Double phosphorylation

=] F = = = DA
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Double phosphorylation

€00,01 K + SOl
K+ Sgo \—Z:Z KSpo 4 %% K + S10

= DA

[m] = =
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Double phosphorylation

€00,01 K + SOI
K+ Sgo \—Zzz KSpo 4 %% K + S10
ao1 €01,11 K _"_ Sll

K -+ So]_ T\ KSOl

20 / 27
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Double phosphorylation

€00,01 K + SOI
K+ Sgo \—ZZZ KSpo 4 %% K + S10
ao1 €01,11 K _"_ Sll

K -+ So]_ T\ KSOl

K+Sq0 \—:z KS1o S K+ Si

20 / 27
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Double phosphorylation

€00,01 K + SO]_
K + Spo ﬁ—\bzz KSgo { 2% K + Sy

K + Soq *TZ KSo; —% K+ Sy,

K+Sq0 \—:z KS1o S K+ Si

F+501 ;01 FSOl 701,00 F+Soo
01

F+Slo :10 FSlo ¥10,00 F+Soo
10

F+5S o, FS { R F+Soy
11 ~5 11 Y11,10
Bu — F+ SlO
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Double phosphorylation

€00,01 K—‘FSOI

400 C(
K + Sgo == KSgo § =% K + Sy
boo €00,11

—>K+Sll

K + Soq *TZ KSo; =% K+ Sy,

K+ Sq0 \—:z KS1o S K+ Si

F+Sp; \—;zll FSo1 T F+ Soo

F+ S0 %Z FS10 2% F 4+ Sg,

F+5S o FS { R F+Soy
11 ~o 11 Y11,10
Bu — = F+ SlO
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Differential equations

dK/dt =

-a00*K*S00 + bOO*KS00 + c0001*KS00 +
c0010*KS00 -a01*K*S01 + bO1*KSO0l + c0111*KSO1l
-al0*K*S10 + b10*KS10 + cl1l011*KS10

+ c0011*Ks00

dr/dt =

-alpha01*F*S01 + beta0l1*FS0l1 + gamma0l00*FSO1
-alphalO*F*S10 + betalO*FS10 + gammalOO00*FS10
-alphall*F*S1ll + betall*FS1l + gammallOl*FS11l
+ gammalllO*FS11

dso0/dt =
-a00*K*S00 + b00*KS00 + gamma0l00*FSO1l +
gammal000*FS10

dso1/dt =
-a01*K*S01 + b01*KS01l - alphaOl*F*S0l1 +
beta01*FsS01 + c0001*KS00 + gammallOl*FS11

ds10/dt =
-al0*K*S10 + b10*KS10 - alphalO*F*S10 +
betalO*FS10 + c0010*KS00 + gammalllO*FS11l

Oskar Henriksson Grdbner bases and reaction network:

dsil/dt =
-alphall*F*S11 + betall*FS11 + cO0111*KSO01l +
cl011*Ks10 + c0011*KS00

dKs00/dt =
a00*K*S00 - bO0O*KS00 - c0001*KS00 - c0010*KS00
- c0011*KS00

dKs01/dt =
a01*K*S01 - b01*KS01l - c0111*KSO1l

dKs10/dt =
alO0*K*S10 - bl0*KS10 - cl011*KS10

drFso01/dt =
alphaOl*F*S01 - beta0l1*FSO01l - gamma0l00*FS01

dFs10/dt =
alphal0*F*S10 - betalO*FS10 - gammalOO00*FS10

drFsll/dt =
alphall*F*S1l - betall*FS1l - gammallQ1*FS11 -
gammalllO*FS11
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Steady state equations

0 =

-a00*K*sS00 + bO0*KS00 + c0001*KS00 +
c0010*KS00 -a01*K*S01 + bO01*KS01l + c0111*KSO01
-al0*K*S10 + bl0*KS10 + cl011*Ks1l0

+ c0011*KS00

0=
-alphaOl*F*S0l1 + beta0l1*FS01 + gamma0l00*FSO01
-alphalO*F*S10 + betal0*FS10 + gammalO00*FS10
-alphall*F*S1ll + betall*FS1l + gammallOl*FS11
+ gammalllO*FS11

0=
-a00*K*S00 + bOO*KS00 + gammaOl00*FSO1l +
gammal000*FS10

-a01*K*S01l + b01*KSO01l - alphaOl*F*S01 +
beta01*FsSO0l + c0001*KS00 + gammallOl*FS11

0=
-al0*K*S10 + bl0*KS10 - alphalO*F*S10 +
betal0*FS10 + c0010*KS00 + gammalllO*FS11

Oskar Henriksson Grdbner bases and reaction network:

0=
-alphall*F*S1ll + betall*FS11 + c0111*KSO0l +
c1011*KS10 + c0011*KS00

0=
a00*K*S00 - b0O0*KS00 - c0001*KS00 - c0010*KS00
- c0011*KsS00

0 =
a01*K*s01 - bO1*KS01l - c0111*KS01

0 =
al0*K*S10 - bl0*KS10 - cl011*KS10

0=
alpha01*F*S01 - beta0l1*FS01l - gammaOl00*FS01

alphalO*F*S10 - betalO*FS10 - gammalOO00*FS10

0=
alphall*F*S1l - betall*FS1ll - gammallOl*FS1l -
gammalllO*FS11
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Steady state equations

0 =

-a00*K*sS00 + bO0*KS00 + c0001*KS00 +
c0010*KS00 -a01*K*S01 + bO01*KS01l + c0111*KSO01
-al0*K*S10 + bl0*KS10 + cl011*Ks1l0

+ c0011*KS00

0=
-alphaOl*F*S0l1 + beta0l1*FS01 + gamma0l00*FSO01
-alphalO*F*S10 + betal0*FS10 + gammalO00*FS10
-alphall*F*S1ll + betall*FS1l + gammallOl*FS11
+ gammalllO*FS11

0=
-a00*K*S00 + bOO*KS00 + gammaOl00*FSO1l +
gammalO00*FS10

-a01*K*S01l + b01*KSO01l - alphaOl*F*S01 +
beta01*FsSO0l + c0001*KS00 + gammallOl*FS11

0=
-al0*K*S10 + bl0*KS10 - alphalO*F*S10 +
betal0*FS10 + c0010*KS00 + gammalllO*FS11

0=
-alphall*F*S1ll + betall*FS11 + c0111*KSO0l +
c1011*KS10 + c0011*KS00

0=
a00*K*S00 - b0O0*KS00 - c0001*KS00 - c0010*KS00
- c0011*KsS00

0 =
a01*K*s01 - bO1*KS01l - c0111*KS01

0 =
al0*K*S10 - bl0*KS10 - cl011*KS10

0=
alpha01*F*S01 - beta0l1*FS01l - gammaOl00*FS01

alphalO*F*S10 - betalO*FS10 - gammalOO00*FS10

0=
alphall*F*S1l - betall*FS1ll - gammallOl*FS1l -
gammalllO*FS11

Problem: We can only measure [Sgo], [So1]: [S10] och [S11]-

Oskar Henriksson Grdbner bases and reaction network:
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Steady state equations

0 =

-a00*K*sS00 + bO0*KS00 + c0001*KS00 +
c0010*KS00 -a01*K*S01 + bO01*KS01l + c0111*KSO01
-al0*K*S10 + bl0*KS10 + cl011*Ks1l0

+ c0011*KS00

0=
-alphaOl*F*S0l1 + beta0l1*FS01 + gamma0l00*FSO01
-alphalO*F*S10 + betal0*FS10 + gammalO00*FS10
-alphall*F*S1ll + betall*FS1l + gammallOl*FS11
+ gammalllO*FS11

0=
-a00*K*S00 + bOO*KS00 + gammaOl00*FSO1l +
gammalO00*FS10

-a01*K*S01l + b01*KSO01l - alphaOl*F*S01 +
beta01*FsSO0l + c0001*KS00 + gammallOl*FS11

0=
-al0*K*S10 + bl0*KS10 - alphalO*F*S10 +
betal0*FS10 + c0010*KS00 + gammalllO*FS11

0=
-alphall*F*S1ll + betall*FS11 + c0111*KSO0l +
c1011*KS10 + c0011*KS00

0=
a00*K*S00 - b0O0*KS00 - c0001*KS00 - c0010*KS00
- c0011*KsS00

0 =
a01*K*s01 - bO1*KS01l - c0111*KS01

0 =
al0*K*S10 - bl0*KS10 - cl011*KS10

0=
alpha01*F*S01 - beta0l1*FS01l - gammaOl00*FS01

alphalO*F*S10 - betalO*FS10 - gammalOO00*FS10

0=
alphall*F*S1l - betall*FS1ll - gammallOl*FS1l -
gammalllO*FS11

Problem: We can only measure [Sgo], [So1]: [S10] och [S11]-

Idea: Compute a Grdbner basis that eliminates variables!

Oskar Henriksson Grdbner bases and reaction network:
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Grobner basis computation

(Model without simultaneous double phosphorylation.)

o = = E = DA
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Grobner basis computation
(Model without simultaneous double phosphorylation.)

In [1]:
A.fraction_field()
R.<KS@@,KSe1,Ks10,FSe1, FS18, FS11,K, F,580,501,518,511> = PolynomialRing(F, 12, order='lex')
‘
In [2]: I = Ideal([-200*K*S@@ + bBO*KS@E + cOBO1*KSE® + COP1O*KSEO + COOL1*KS@O -aB1*K*SB1 + b1*KSel + c@111*KSe1-ale*K*S1e + b1e*KsS1e -

-200*K*500 + bEB*KSE® + gammadle@*FSel + gammale@e*Fsie,
-a01*K*S@1 + be1*KSel - alphadl*F*SO1l + beta®l*FS@l + cOOL*KSE® + gammall@l*FS1i,
-al0*K*$10 + b10*KS1® - alphale*F*S1e + betal®*FS1@ + c@@10*KSE® + gammallle*FS1i,
-alphall*F*S11 + betall*FS11 + cO111*KSel + c1011*KS1® + cOOL1*KSee,

200*K*S60 - bEO*KSEO - COeB1*KSed - COB1O*KSE® - cBP11*KSee,

2B1*K*SG1 - bB1*KSO1 - cO111*Ksel,

a10*K*S1@ - b1e*Ks1e - c1011*Ks1e,

alpha®l1*F*sel - beta@l*FSel - gamma@18@*Fsel,

alphale*F*s1e - betal®*FS18 - gammale@e*Fsie,

alphall*F*S11 - betall*FS1l - gammall@1*FS1l - gammalll@*FS1i]

)

‘

In [3]: G = I.groebner_basis()

Oskar Henriksson bner bases and reaction networks

A.<200,261,a16,b06,b01,b10, c6001,CO016, 0111, c1011,C0011,a1phad1,alphale, alphall, betadl, betald, betall, gammad16@, gamnal6ee, gammal:

-alphaB1*F*S@1 + betadl*FS@l + gammadl00*FSOl-alphalo*F*S16 + betal@*FS10 + gammal@e*Fs10-alphall*F*S11 + betall*FS11 + gammall(
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Grobner basis computation
(Model without simultaneous double phosphorylation.)

In [4]: | G[-1]

Oout[4]: F*se172 + ((ale*be1*cee10*c1811*alphadl*betald*gamma@le® + a10+c0810+*cO111*cl1011*alphadl*betale*gammaglee + al@*b@1*c1011*ceell
*alpha@l*betal@*gamma@1@@ + ale*celll*clell*ceell*alpha@l*betal@*gammad1le@ - a@l*b10*c@@O1*c@11ll*alphal@*betadl*gammaleee - adl
*c@O1*CO111%c1011+alphale*betadl*ganmaléee - a@1+b16+ce111+co011+alphalo*betadl*gannaleed - a@1+*co111%c1011+co611%alphale*beta
©@1*gammaleee + ale*bel*ceel0*c1ell*alphadl*gamma@l0@*gammalede + ale*c@e10*cel11*cl@ll*alphadl*gamma@lee*gammaleee + ale*b@l*cl
©11%c0@11*21phadl*gamnad106+ganmalees + ale*celll*c1011*ceel1l*alphadl 1000 - 201+b1 1%c6111*alphale*g: 1
©0*gammaleee - ae1*ceeel*ce1ll*c1011*alphale*gamma108*gamnaleee - adl*b10*ce111*co011*alphale*gammag160*ganmaleee - ad1*co111+
c1011%c0811*alphale*gamma@16e*gannaleee) / (a81+*b16+ce010+co111+*alphadl *betald*gannadlee + a01+ce616+ce111+c1611%alphadl*betalorg
ammag1ee + a@1*b16*cE@10*cO111%alphabl*gammadl00*ganmalees + a61*cee16*co111+c1011%alphabl*gamnadl6e*gannalees)) F+se1+16 +
((ceee1*alphall*betagl*gammallle + c@@16*alphall*betadl*gammallle + c@@ll*alphall*betadl*gammallle + c@@el*alphall*gammaglee*ga
mmal11e + cee1e*alphall*gamma@16@*gammallle + ceell*alphallgamma@lee*gammallle)/(cee16*alphadl*betall*ganmadlee + ce@18*alphad
1*gamma@16@*gamnallel + c@@16*alphadl*gamma@l6e*ganmallle)) F+Se1+S11 + ((-a10*be1*ceee1*c1011*alphal6*betadl*gammalees - ale*c
©001+c0111*c1011%a1phale*betadl*gannalee - al6*bel*ceeel*c1011%alphale*ganmadl0e+ganmalees - ale*ceeel*cel111*c1611*alphale*gam
1a®106*ganmal06)/ (a81+*b10*ce616+co111+*alphadl “betalo*ganmadles + a@l*ce@16+co111+c1011*alphadl*betald*ganmadlee + a01+b16*ceol
©%c6111+*alphadl*gannadle+gammaleed + a@l*cee16*ce111+c1011+alphadl*ganmadlee*gammalees)) F*s1072 + ((-al0*bel+ceesl*c1611%alph
all*beta@l*gammallel - al6*bo1*ce@10*c1e11*alphall*betadl*gammallel - a10*ceeel+ce111*c1611*alphall*betadl*gammallel - al6*ceol
©%c6111+*c1611*alphall*betadl*gammallel - a16*be1*c1611%co011*alphall*betadl*gammallel - a16*cO111*c1611%c0@11*alphall*betadltga
mmal161 - 210*b61*c@BO1*c1011*alphall*gamma106*gammallel - a16+be1*ce@10+*c1611*alphall*gammad160*gammallol - a16*Ccoeel1*ce111*c
1011+alphall*ganmadle6*gammal1el - a10*c6@16*co111%c1011*alphall*gammadle6*gammallel - a16*bel1*c1611%ce011*alphall*gammas106*ga
mmal161 - 210%ce111*c1611%c6911*alphall*gammad1e6*gammal1el)/ (a@1+b10+cee16+co111+*alphadl betall gammad1ee + adl*cee16*co11l+cl
011*alphadl*betall*gammadles + a@l1*b10*ce616*co111*alphadl*gammad106*gammallel + adl*cee10*co111%c1011*alphadl*gammas108* gammal
101 + 261*b16*c0010*c6111*alphadl*ganmad106+ganmallle + a@l1*ce@16*co111%c1011*alphadl*gammadlee*gammal1le)) F+S10+511
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Grobner basis computation
(Model without simultaneous double phosphorylation.)

In [5]: 6G[-2]

Out[5]: F*Se@*s1e + ((-ceele*alphall*betalo*gammallel - c@@10*alphall*gammalo@e*gammallel - c@@16*alphall*betalé*gammallle - co@ll*alph
all*betal®*gammallle - c@81@*alphall*gammal@ee*gammallle - c@@ll*alphall*gammal@@e*gammallle)/(ce@1ll*alphale*betall*gammaleee +
c@011*alphal@*gammaleee*gammallel + ce@ll*alphaldo*gammaleee*gammallle))*F*See*s11 + ((a@1*bee*cel11l + ael+*ceeel*ce1ll + adl*cee
10+CO111 + a01%c@111%c011)/(a80*bO1%COO1L + a00*cO111+COO11))*F+SO1*S10 + ((-a01*b@8*cO111*alphall*betalo*gammallle - a01*cooe
1%ce111*alphall*betalotgammallle - a@l*ce@16*celll*alphalltbetalo*ganmallle - a@l*celll*ceell*alphall*betale*gammallle - a61*be
©%co111*alphall*gammale@e*gammallle - adl1*c@eel*celll*alphall*gammal@ee*gammallle - adl*ce@le*celll*alphall*gammaleee*gammallle
- 201%c0111%ce011*alphall*gammaleee*ganmallle)/ (ad8*be1*cee11*alphalo*betall ganmalods + a0*co111*c0l1*alphale*betall*gammale
06 + 2060*bo1%c6011*alphale*ganmaleee+ganmallsl + a@e*ce111+cee11*alphale*gammalo@egammallel + a80*bol*ce@1l*alphale*gammaleee*
gammallle + a@8*cel111*ceell*alphalo*gammale@e*gammallle)) F*Se1+S11 + ((al6*be@*c1e1l + alo*c@eel+cloll + ale*c@ele*c1ell + ale
*c1011%c0011)/(200*b10+cOB11 + a@0*c1011*c@O11))*F¥S1072 + ((al0*be@*c1011*alphall*betalo*gammallel + ale*c@o@l*c1ell*alphall*b
etale*gammallel + al0*ce@16*c1011*alphall*betale*gammallel + a16*c1811*ce@11*alphall*betalotgammallel + al6*bee*c1611*alphalltg
amma1060*gammallel + al6*c@01*c1611*alphall*gammaleee*ganmallel + ale*cee1e*c161l*alphall*gammalees*gammallel + ale*c1611%ceel
1*alphall*gammaleee*ganmallel)/ (a@6*b10*cee11*alphale*betall*gammaloes + a6e*c1611%c@l1*alphale*betall*gammaloee + ade*blo*coo
11*alphal6*gammale@e*gammallel + aB@*c1011*ce@11*alphald*ganmaleee+ganmallel + a@e*b10+ceel1l*alphale*ganmalee* ganmallle + a0e*
€1011%c@811*alphald*gammaleee*gammallle))*F*S10+511
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Grobner basis computation

(Model without simultaneous double phosphorylation.)

((-a01*bee*ce111*alphale*betall*ganmaleee - a0l1*ce@el*celll*alphale*betall*gammaleee - a@l*cee1e*celll*alphale*betall*gammaleee
201*bee*co111*alphale*gammaleee*gammallel - adl*ceeel*colll*alphalo*gammaleee*gammallel - a@l*ceele*celll*alphale*gammaleee*gammallel
a01%bee*ce111*alphale*gammaleee*gammallle - a@l*ceeel*colll*alphalo*gammaleee*gammallle - a@l*ceele*celll*alphale*gammaleee*gammallle)/
(a00*bo1*ce010*alphall*betalo*gammallel + a@e*co@10*colll*alphall*betalo*gammallel + a0@*bol*ceele*alphall*gammaleee*ganmallol +
200%c0010*CO111*alphall*gammaleee*ganmallel + aBe*bel*ce@lo*alphall*betalo*gammallle + a0@*co@10*celll*alphall*betale*gammallle +
200*be1*cep10*alphall*gamma: 1110 + a 10*co111*alphall*gammaleee*gammallle))*F*se1+s1e +

((a@1*b00*CO111%gammallle + a@1*cEeO1*col1l*gammallle + a@l*c@@10*colll*gammallle)/(a60*bel*ceele*ganmallel + a0e*coele*colll*gammallol +
300*b01*c0010*gammallle + a@e*cee1e*celll*gammallle))*F*se1+s1l

+ ((-a10*bee*c1011*alphale*betall*gammalone - ale*ceeel*clell*alphale*betall*gammaleee - ale*ceele*clell*alphale*betall*gammaleee -
210*bee*c1011*alphale*gammaleee*gammallel - ale*ceeel*c1011*alphalo*gammaleeo*gammallel - ale*ceele*clell*alphale*gammaleee*gammallel
a10*bee*c1011*alphale*gammaleee*gammallle - ale*ceeel*c1011*alphale*gammaleee*gammallle - ale*ceele*clell*alphale*gammaleee*gammallle)/
(a@0*b10*c0010*alphall*betalo*gammallel + a@@*co@10*c101l1*alphall*betalo*gammallel + a0@*ble*ceel0*alphall*gammaleoe*ganmallol +
200*C0010*C1011%alphall*gammaloee*gammallel + a@e*blo*coe10*alphall*betalo*gammallle + a00*ce@le*c1011*alphall*betalo*gammalllo +
200*b10*c0010*alphall*gammaleee*gammallle + a@e*ceele*clell*alphall*gammaleee*gammallle))*F*s1072

+ ((-al0*bee*c1011*gammallel - ale*ceee@l*clell*gammallel - ale*ceel0*c1ell*gammallel)/(a6e*b1e*ceele*gammallel + age*ceele*cloll*gammallol +
200*b10*CE010*gammallle + a0e*cee10*c1011*gammallle))*F*S10%S11
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Grobner basis computation

(Model without simultaneous double phosphorylation.)

((-a01*bee*ce111*alphale*betall*ganmaleee - a0l1*ce@el*celll*alphale*betall*gammaleee - a@l*cee1e*celll*alphale*betall*gammaleee
201*bee*co111*alphale*gammaleee*gammallel - adl*ceeel*colll*alphalo*gammaleee*gammallel - a@l*ceele*celll*alphale*gammaleee*gammallel
a01%bee*ce111*alphale*gammaleee*gammallle - a@l*ceeel*colll*alphalo*gammaleee*gammallle - a@l*ceele*celll*alphale*gammaleee*gammallle)/
(a@0*be1*ce010*alphall*betalo*gammallel + a@@*cee10*colll*alphall*betalo*gammallol + a0@*bel*ceele*alphall*gammaleee*gammallel +
200%c0010*CO111*alphall*gammaleee*ganmallel + aBe*bel*ce@lo*alphall*betalo*gammallle + a0@*co@10*celll*alphall*betale*gammallle +
200*be1*cep10*alphall*gamma: 1110 + a 10*co111*alphall*gammaleee*gammallle))*F*se1+s1e +

((a@1*b00*CO111%gammallle + a@1*cEeO1*col1l*gammallle + a@l*c@@10*colll*gammallle)/(a60*bel*ceele*ganmallel + a0e*coele*colll*gammallol +
300*b01*c0010*gammallle + a@e*cee1e*celll*gammallle))*F*se1+s1l

+ ((-a10*bee*c1011*alphale*betall*gammalone - ale*ceeel*clell*alphale*betall*gammaleee - ale*ceele*clell*alphale*betall*gammaleee -
210*bee*c1011*alphale*gammaleee*gammallel - ale*ceeel*c1011*alphalo*gammaleeo*gammallel - ale*ceele*clell*alphale*gammaleee*gammallel
a10*bee*c1011*alphale*gammaleee*gammallle - ale*ceeel*c1011*alphale*gammaleee*gammallle - ale*ceele*clell*alphale*gammaleee*gammallle)/
(a@0*b10*c0010*alphall*betalo*gammallel + a@@*co@10*c101l1*alphall*betalo*gammallel + a0@*ble*ceel0*alphall*gammaleoe*ganmallol +
200*C0010*C1011%alphall*gammaloee*gammallel + a@e*blo*coe10*alphall*betalo*gammallle + a00*ce@le*c1011*alphall*betalo*gammalllo +
200*b10*c0010*alphall*gammaleee*gammallle + a@e*ceele*clell*alphall*gammaleee*gammallle))*F*s1072

+ ((-al0*bee*c1011*gammallel - ale*ceee@l*clell*gammallel - ale*ceel0*c1ell*gammallel)/(a6e*b1e*ceele*gammallel + age*ceele*cloll*gammallol +
200*b10*CE010*gammallle + a0e*cee10*c1011*gammallle))*F*S10%S11

11[Sool[S11] + K2[So1][S10] + K3[So1][S11] + Kal[S10]* + 15[S10][S11] = O
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Grobner basis computation

(Model without simultaneous double phosphorylation.)

F*S00*S11 +

((-a01*bee*ce111*alphale*betall*ganmaleee - a0l1*ce@el*celll*alphale*betall*gammaleee - a@l*cee1e*celll*alphale*betall*gammaleee
301*b00*c0111*alphale*ganmaleee*gammallol - a@1*ceee1*col1l*alphale*gammaleee*gammallel - adl*ceele*celll*alphale*gammaleee*gammallol
a01%bee*ce111*alphale*gammaleee*gammallle - a@l*ceeel*colll*alphalo*gammaleee*gammallle - a@l*ceele*celll*alphale*gammaleee*gammallle)/
(a@0*be1*ce010*alphall*betalo*gammallel + a@@*cee10*colll*alphall*betalo*gammallol + a0@*bel*ceele*alphall*gammaleee*gammallel +
200%c0010*CO111*alphall*gammaleee*ganmallel + aBe*bel*ce@lo*alphall*betalo*gammallle + a0@*co@10*celll*alphall*betale*gammallle +
200*bo1*cee10*alphall*gamma: 1110 + a 10*co111*alphall*gammaleee*gammallle))*F*se1+s1e +

((a@1*b00*CO111%gammallle + a@1*cEeO1*col1l*gammallle + a@l*c@@10*colll*gammallle)/(a60*bel*ceele*ganmallel + a0e*coele*colll*gammallol +
300*b01*c0010*gammallle + a@e*cee1e*celll*gammallle))*F*se1+s1l

+ ((-a10*bee*c1011*alphale*betall*gammalone - ale*ceeel*clell*alphale*betall*gammaleee - ale*ceele*clell*alphale*betall*gammaleee -
210*bee*c1011*alphale*gammaleee*gammallel - ale*ceeel*c1011*alphalo*gammaleeo*gammallel - ale*ceele*clell*alphale*gammaleee*gammallel
a10*bee*c1011*alphale*gammaleee*gammallle - ale*ceeel*c1011*alphale*gammaleee*gammallle - ale*ceele*clell*alphale*gammaleee*gammallle)/
(a@0*b10*c0010*alphall*betalo*gammallel + a@@*co@10*c101l1*alphall*betalo*gammallel + a0@*ble*ceel0*alphall*gammaleoe*ganmallol +
200*C0010*C1011%alphall*gammaloee*gammallel + a@e*blo*coe10*alphall*betalo*gammallle + a00*ce@le*c1011*alphall*betalo*gammalllo +
200*b10*co010*alphall*gamma: 1110 + a@@*ce@10*c1011*alphall*gammaleee*gammallle))*F*sie~2

+ ((-a10*be@*c1011*gammal1el - ale*ceeel*c1e11*gammallel - al0*ce@16*c1011*gammallel)/(aee*ble*ceele*gammallel + a@e*cee10*c1011*gammallel +
200*b10%C0010*gammallle + a@@*cee1e*c1011*gammallle))*F*S10+S11

11[Sool[S11] + K2[So1][S10] + K3[So1][S11] + Kal[S10]* + 15[S10][S11] = O

Conclusion: If the model without simultaneous double phosphorylation is
correct, then an equation on this form will hold for all steady states
(independently of total concentrations).
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Strategy for hypothesis testing

» Hypothesis: The kinase can not phsophorylate at two sites simultaneously.

» Run experiments with different total concentrations, and measure
concentrations at the steady states.
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Strategy for hypothesis testing

» Hypothesis: The kinase can not phsophorylate at two sites simultaneously.

» Run experiments with different total concentrations, and measure
concentrations at the steady states.

> Measure [Sgol. [So1], [S10] och [S11] och compute the vector
([Sool[S11]. [So1][S10]. [So1l[S11]. [S10]?. [S10l[S1a])-
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Strategy for hypothesis testing

» Hypothesis: The kinase can not phsophorylate at two sites simultaneously.

» Run experiments with different total concentrations, and measure
concentrations at the steady states.

> Measure [Sgol. [So1], [S10] och [S11] och compute the vector
([Sool[S11]. [So1][S10]. [So1l[S11]. [S10]?. [S10l[S1a])-

Sample  [So]  [Sp]  [Sy]  [S;a]  ([SeollSyy): [SpullSso): [S011[S13]: [S101 [S1611S41)
#1 044 018 096 0.19  (0.10, 0.04, 0.18, 0.02, 0.04, 0.10)
#2 074 058 043 0.10  (0.05, 0.04, 0.25, 0.03, 0.01, 0.02)
#3 025 013 026 0.94 (0.42, 0.11, 0.03, 0.05, 0.89, 0.11)
#4 020 043 017 0.11 (0.3, 0.06, 0.07, 0.13, 0.01, 0.05)
#5 022 065 014 0.6 (0.39, 0.09, 0.09, 0.26, 0.07, 0.05)
#6 031 066 076 032 (0.39, 0.12, 0.50, 0.26, 0.10, 0.30)
#7 025 047 024 053 (0.86, 0.21, 0.11, 0.40, 0.28, 0.21)
#8 017 072 051 0.0l  (0.29, 0.05, 0.37, 0.21, 0.00, 0.15)
#9 048 0.8l 023 051 (0.39,0.19, 0.19, 0.31, 0.26, 0.09)

(Fictitious data for illustration purposes only.)
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Strategy for hypothesis testing

» Hypothesis: The kinase can not phsophorylate at two sites simultaneously.

» Run experiments with different total concentrations, and measure
concentrations at the steady states.

> Measure [Sgol. [So1], [S10] och [S11] och compute the vector
([Sool[S11]. [So1][S10]. [So1l[S11]. [S10]?. [S10l[S1a])-

Sample  [So]  [Sp]  [Sy]  [S;a]  ([SeollSyy): [SpullSso): [S011[S13]: [S101 [S1611S41)
#1 044 018 096 0.19  (0.10, 0.04, 0.18, 0.02, 0.04, 0.10)
#2 074 058 043 0.10  (0.05, 0.04, 0.25, 0.03, 0.01, 0.02)
#3 025 013 026 0.94 (0.42, 0.11, 0.03, 0.05, 0.89, 0.11)
#4 020 043 017 0.11 (0.3, 0.06, 0.07, 0.13, 0.01, 0.05)
#5 022 065 014 0.6 (0.39, 0.09, 0.09, 0.26, 0.07, 0.05)
#6 031 066 076 032 (0.39, 0.12, 0.50, 0.26, 0.10, 0.30)
#7 0.25 047 0.24 053  (0.86, 0.21, 0.11, 0.40, 0.28, 0.21)
#8 017 072 051 0.0l  (0.29, 0.05, 0.37, 0.21, 0.00, 0.15)
#9 048 0.8l 023 051 (0.39,0.19, 0.19, 0.31, 0.26, 0.09)

» Check: Do the vectors (approx.) satisfy an equation of the form
Wiy1 + - -+ usys, i.e. are they on a common hyperplane in R%?

(Fictitious data for illustration purposes only.)
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Strategy for hypothesis testing

» Hypothesis: The kinase can not phsophorylate at two sites simultaneously.

» Run experiments with different total concentrations, and measure
concentrations at the steady states.

> Measure [Sgol. [So1], [S10] och [S11] och compute the vector
([Sool[S11]. [So1][S10]. [So1l[S11]. [S10]?. [S10l[S1a])-

Sample  [So]  [Sp]  [Sy]  [S;a]  ([SeollSyy): [SpullSso): [S011[S13]: [S101 [S1611S41)
#1 044 018 096 0.19  (0.10, 0.04, 0.18, 0.02, 0.04, 0.10)
#2 074 058 043 0.10  (0.05, 0.04, 0.25, 0.03, 0.01, 0.02)
#3 025 013 026 0.94 (0.42, 0.11, 0.03, 0.05, 0.89, 0.11)
#4 020 043 017 0.11 (0.3, 0.06, 0.07, 0.13, 0.01, 0.05)
#5 022 065 014 0.6 (0.39, 0.09, 0.09, 0.26, 0.07, 0.05)
#6 031 066 076 032 (0.39, 0.12, 0.50, 0.26, 0.10, 0.30)
#7 0.25 047 0.24 053  (0.86, 0.21, 0.11, 0.40, 0.28, 0.21)
#8 0.17 072 051 001 (0.29, 0.05, 0.37, 0.21, 0.00, 0.15)
#9 0.48 081 023 051 (0.39,0.19, 0.19, 0.31, 0.26, 0.09)

» Check: Do the vectors (approx.) satisfy an equation of the form
Wiy1 + - -+ usys, i.e. are they on a common hyperplane in R%?

(Fictitious data for illustration purposes only.)

» No, omin = 0.062 > 0. Hence, the hypothesis is falsified!
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Practical problems with Grobner bases in CRNT

=] F = = = DA

Oskar Henriksson Grobner bases and reaction networks



Practical problems with Grobner bases in CRNT

» Don't take into account the fact that we're only interested in
non-negative real solutions to the steady state equations.
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Practical problems with Grobner bases in CRNT

» Don't take into account the fact that we're only interested in
non-negative real solutions to the steady state equations.

» Makes it harder to draw conclusions from the Grobner basis (e.g. about
the number of steady states).
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Practical problems with Grobner bases in CRNT

» Don't take into account the fact that we're only interested in
non-negative real solutions to the steady state equations.

» Makes it harder to draw conclusions from the Grobner basis (e.g. about
the number of steady states).

» We miss out on equations that could have been used for model
discrimination.
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Practical problems with Grobner bases in CRNT

» Don't take into account the fact that we're only interested in
non-negative real solutions to the steady state equations.

» Makes it harder to draw conclusions from the Grobner basis (e.g. about
the number of steady states).

» We miss out on equations that could have been used for model
discrimination.

» Grobner bases for systems with many variables take a long time to
compute.
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Practical problems with Grobner bases in CRNT

» Don't take into account the fact that we're only interested in
non-negative real solutions to the steady state equations.

» Makes it harder to draw conclusions from the Grobner basis (e.g. about
the number of steady states).

» We miss out on equations that could have been used for model
discrimination.

» Grobner bases for systems with many variables take a long time to
compute.

» The last few years, new methods for computing Grobner bases for
reaction networks have been proposed, that make use of intermediates
to reduce the computation times:

A. Sadeghimanesh and E. Feliu, Grébner Bases of Reaction Networks with
Intermediate Species, Adv. Appl. Math. 107 (2019): 74-101.
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Summary

x+v%x%2x

x+YL>Y$2Y

Reaction
network

_—

Model
differentiation

Equations at

the steady states

X' = a[X] - [X]* - 2[X][Y]
Y1 = bIY] = [YP = [X][]

Differential equations

)

0=ax—x%—2xy

0=by—y?—xy

TN

\—-| Polynomial equations .
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Bonus: A classical theorem in reaction networks theory

The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)

Let AV be a reaction network with the following properties:
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Bonus: A classical theorem in reaction networks theory

The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)

Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).
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The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)

Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).

The so-called deficiency § := m — £ — s equals zero.

Oskar Henriksson Grdbner bases and reaction networks September 6, 2020 28 / 27



Bonus: A classical theorem in reaction networks theory
The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)
Let AV be a reaction network with the following properties:
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Bonus: A classical theorem in reaction networks theory
The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)
Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).

The so-called deficiency § := m — £ — s equals zero. Here, m denotes the
number of complexes in the network, £ the number of connected components,
and s the number of “chemical degrees of freedom”.
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Bonus: A classical theorem in reaction networks theory

The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)

Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).

The so-called deficiency § := m — £ — s equals zero. Here, m denotes the

number of complexes in the network, £ the number of connected components,
and s the number of “chemical degrees of freedom™.

Then, for every choice of rate constants
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Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).

The so-called deficiency § := m — £ — s equals zero. Here, m denotes the

number of complexes in the network, £ the number of connected components,
and s the number of “chemical degrees of freedom™.

Then, for every choice of rate constants and every choice of total concentrations,
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Bonus: A classical theorem in reaction networks theory
The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)
Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).

The so-called deficiency § := m — £ — s equals zero. Here, m denotes the
number of complexes in the network, £ the number of connected components,
and s the number of “chemical degrees of freedom™.

Then, for every choice of rate constants and every choice of total concentrations,
there will be a unique and locally (conjecturally: globally) attracting steady state.

W

Oskar Henriksson Grobner bases and reaction networks September 6, 2020 28 / 27



Bonus: A classical theorem in reaction networks theory
The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)
Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).

The so-called deficiency § := m — £ — s equals zero. Here, m denotes the
number of complexes in the network, £ the number of connected components,
and s the number of “chemical degrees of freedom™.

Then, for every choice of rate constants and every choice of total concentrations,
there will be a unique and locally (conjecturally: globally) attracting steady state.
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Example: T+ M % C—2,A (kinetic proofreading)
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Bonus: A classical theorem in reaction networks theory
The deficiency zero theorem (Horn, Jackson, Feinberg, 1970's)
Let AV be a reaction network with the following properties:

The network is weakly reversible (for every reaction we can find a sequence of
reactions from the products leading back to the reactants).

The so-called deficiency § := m — £ — s equals zero. Here, m denotes the
number of complexes in the network, £ the number of connected components,
and s the number of “chemical degrees of freedom™.

Then, for every choice of rate constants and every choice of total concentrations,
there will be a unique and locally (conjecturally: globally) attracting steady state.

v

k
Example: T+ M %‘1 C—2,A (kinetic proofreading)
4

ks

Recent paper about the interpretation of §: arxiv.org/abs/2008.11468.
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Bonus: A little bit of elimination theory
fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.
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Bonus: A little bit of elimination theory

fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).
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fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem!
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Bonus: A little bit of elimination theory

fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.
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Bonus: A little bit of elimination theory

fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])
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Bonus: A little bit of elimination theory
fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])

Let G be a Grdbner basis of (f1, ..., f,) with respect to the lexiographic
ordering z > w > x > y.
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Bonus: A little bit of elimination theory
fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])

Let G be a Grdbner basis of (f1, ..., f,) with respect to the lexiographic
ordering z > w > x > y.Then the set G N R[x, y]
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Bonus: A little bit of elimination theory

fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])

Let G be a Grdbner basis of (f1, ..., f,) with respect to the lexiographic
ordering z > w > x > y.Then the set G N R[x, y] contains the building
blocks for all polynomial relations
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Bonus: A little bit of elimination theory

fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])

Let G be a Grdbner basis of (f1, ..., f,) with respect to the lexiographic
ordering z > w > x > y.Then the set G N R[x, y] contains the building
blocks for all polynomial relations that involves only the variables x and y
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Bonus: A little bit of elimination theory
fi(x,y,z,w)=0
Consider a system of polynomial equations

fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])

Let G be a Grdbner basis of (f1, ..., f,) with respect to the lexiographic
ordering z > w > x > y.Then the set G N R[x, y] contains the building
blocks for all polynomial relations that involves only the variables x and y
that can be obtained as polynomial linear combinations of fi, ..., f,.
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Bonus: A little bit of elimination theory
fi(x,y,z,w)=0
Consider a system of polynomial equations
fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])

Let G be a Grdbner basis of (f1, ..., f,) with respect to the lexiographic
ordering z > w > x > y.Then the set G N R[x, y] contains the building
blocks for all polynomial relations that involves only the variables x and y
that can be obtained as polynomial linear combinations of fi, ..., f,.

Note: All such relations are satisfied by all positive solutions to the system!
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Bonus: A little bit of elimination theory
fi(x,y,z,w)=0
Consider a system of polynomial equations
fm(x,y,z,w)=0.

Problem: Find all polynomial relations that are satisfied by all positive
solutions and that involves only some of the variables (say x and y).

This is a very hard problem! Grébner bases give a partial solution.

The elimination theorem (see Chapter 3 in [CLO15])

Let G be a Grdbner basis of (f1, ..., f,) with respect to the lexiographic
ordering z > w > x > y.Then the set G N R[x, y] contains the building
blocks for all polynomial relations that involves only the variables x and y
that can be obtained as polynomial linear combinations of fi, ..., f,.

Note: All such relations are satisfied by all positive solutions to the system!
But — there might be relations that can't be be obtained in this way!
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Examples of what might go wrong

o = = E = DA
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Examples of what might go wrong

{xz—x—i-l—yz:O

y2—x=0

o = = E = DA
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Examples of what might go wrong

x> —x+1-y?>=0
y2—x=0

x2—2x+1=0
y2—X:0

[m] = = =
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Examples of what might go wrong

x> —x+1-y?>=0
y2—x=0

x2—2x+1=0
y2—X:0

:<(
\

Oskar Henriksson Grobner bases and reaction networks

[m]

=




Examples of what might go wrong

{xz—x+1—y2:O

y2—x=0

x2—2x+1=0
y2—X:0

.<(
1T

The relation x —1 =0
is not detected!

Oskar Henriksson Grobner bases and reaction networks September 6, 2020 30 / 27



Examples of what might go wrong

x> —x+1-y?>=0 x> —y?>=0
y2—X=0

x2—2x+1=0
y2—X:0

<(
1

The relation x —1 =0
is not detected!

Oskar Henriksson Grobner bases and reaction networks September 6, 2020 30 / 27



Examples of what might go wrong

x> —x+1-y?>=0 x> —y?>=0
y2—X:0 X2—|—y2—1:0
x> —2x+1=0 x? —y? =
y2—X:0 2X2—1:0

|//

N
~—

The relation x —1 =0
is not detected!

Oskar Henriksson Grobner bases and reaction networks September 6, 2020

30 / 27



Examples of what might go wrong

x> —x+1-y?>=0 x> —y?>=0
y2—X:0 X2—|—y2—1:0
x> —2x+1=0 x? —y? =
y2—X:0 2X2—1:0

» \ :

2

The relation x —1 =0
is not detected!

Oskar Henriksson Grobner bases and reaction networks September 6, 2020 30 / 27



Examples of what might go wrong

x> —x+1-y?>=0 x> —y?>=0

y2—X:0 X2—|—y2—1:0
x> —2x+1=0 x? —y? =
y2—X:O 2X2—1:0

The relation x —1 =0 The relation x — /2 =0
is not detected! is not detected!

Oskar Henriksson Grdbner bases and reaction networks September 6, 2020 30 / 27




	Chemical reaction networks
	Gröbner bases
	A promising example
	Practical problems
	Summary
	References
	Appendix

